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We compute the geometrical Berry phase for the noncommutative gravitational quantum well.
We find that ∆γ(S) ∼ η3, where √η is the fundamental momentum scale for the noncommutative
gravitational quantum well in a segment S of the path in the configuration space. For the full closed
path, we find that γ(C) = 0.
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I. INTRODUCTION
Noncommutative extensions of the gravitational quan-
tum well have been recently studied with some interest
[1, 2, 3, 4]. This interest is essentially due to the recent
measurement of the first two quantum states of the grav-
itational quantum well (GQW) for ultra-cold neutrons
[5]. The gravitational quantum well is a system of a par-
ticle of mass m, moving in the xy plane, subjected to the
constant Earth’s gravitational field, g = −gex, with a
horizontal mirror placed at x = 0. The Hamiltonian that










The Hamiltonian for the noncommutative extension of
the GQW, the noncommutative gravitational quantum













(xp¯y − yp¯x) + C
2
8m~2
η2(x2 + y2) , (2)
where
p¯x ≡ Cpx ,




with C ≡ (1− ξ)−1 and ξ ≡ θη/4~2. Parameters θ and η
are associated to the noncommutative phase space, whose
algebra is
[x, y] = iθ
[px, py] = iη
[xi, pj ] = i~effδij i = 1, 2 , (4)




The equivalence between this set of commutation re-
lations and the usual one for the configuration and mo-
mentum variables, where ξ = 0, is discussed in Ref. [2].
From the identification of the first two energy eigen-
states [5] it is shown that the typical momentum scale is
bound by [1]:
√
η ∼< 0.8 meV/c . (5)
Assuming that
√
θ ∼< 1 fm, the typical neutron scale, it
follows that, ξ ≃ O(10−24) and hence that the correction
to Planck’s constant is irrelevant. Coming back to Hamil-
tonian (2), we can clearly see that the first three terms
of Eq. (2) correspond to the commutative Hamiltonian.
In this case, the wave function, solution of Schro¨dinger’s
problem, can be separated in two parts, corresponding
to coordinates x or y. In y direction, the wave function
corresponds to a group of plane waves with a continuous
energy spectrum. In x direction, the eigenfunctions can
be expressed in terms of the Airy function, φ(z):
ψn(x
′) = Anφ(z) . (6)


































In this work, we are interested in observing if the wave
function of the neutron, in the described conditions, ac-
quires a geometric phase after traveling through a closed
path in the configuration space. It is well known that
2quantum states submitted to adiabatic processes can ac-
quire a geometric phase, the Berry’s phase. Indeed, if the
system’s Hamiltonian is real then this phase can only take
values 0 or pi, in the end of the closed path, that is, a non-
degenerated wave function must come back to itself or to
minus itself. One finds that Hamiltonians depending on
external parameters and can be affected by this phase. If,
for example, the external parameter is classic, typically
an external field, the Berry’s phase is observed following
a non-trivial loop in the space of parameters and carrying
through some type of interference between the previous
state and the one after completing the closed path. This
is particularly relevant given that the next generation of
experiments involving the GQW aim precisely to detect
the transition and interference of states [6].
II. BERRY PHASE COMPUTATION
Let us consider a system described by an Hamiltonian,
H . As the system evolves, the Hamiltonian changes along
the trajectory and in consequence does the state of the
system. To compute the Berry phase, the starting point
is the Schro¨dinger’s equation
H |ψ(t)〉 = i~d|ψ(t)〉
dt
. (10)
Assuming the motion is adiabatic, then the eigenvectors
of the Hamiltonian evolve slowly, as follows,
H(r(t))|n(r(t))〉 = En(r(t))|n(r(t))〉 , (11)
where r(t) is the variable describing the motion. If ini-
tially the system has a eigenstate |n(r(t))〉, then the so-
lution of the Schro¨dinger’s equation can be written as
follows






Hence, the system remains in the same eigenstate, in
spite of the eigenstate evolution. Actually, the system
acquires a dynamical and geometrical phase. This is the





〈n(r(t))|∇n(r(t))〉 · dr , (13)
where C is a curve generated by r(t). Using the Stokes
theorem one can replace the curve integral over C by a
surface integral. Then, using a complete set of states∑











In what follows we shall use this expression to compute
the Berry phase for the GQW for the neutron and its
noncommutative extension. Actually, this type of study
is quite natural in the context of cold neutron physics
given that the Berry phase was first detected through the
manipulation of an ultra-cold beam by polarized neutrons
in a slowly varying magnetic field [8, 9].
As we shall see, the Berry phase vanishes for the GQW
as well for its noncommutative extension.
We first compute the Berry’s phase for the commuta-
tive Hamiltonian of a particle subjected to the gravita-
tional field. It is easy to see that
∇H = (mg, 0, 0) , (15)
since p′x and p
′
y are independent of coordinates x
′ and y′.
So,
〈n|∇H |m〉 = mg〈n|m〉 = 0
〈m|∇H |n〉 = mg〈m|n〉 = 0 . (16)
Consequently, the Berry’s phase vanishes.
Let us now consider the NCGQW. From the Hamilto-




























Coordinates y and py do not affect the computations as
in y direction the motion is free and described by plane
waves. As the gravitational field only acts in x direction,




〈n|∇H |m〉 × 〈m|∇H |n〉
















m |m〉〈m| = 1ˆ and that [px, x] ≃ −i~ one obtains∑
m 6=n
〈n|∇H |m〉 × 〈m|∇H |n〉








(En − Em)2 ez , (20)
Substituting En and Em for the values given by Eq. (7):
∑
m 6=n
〈n|∇H |m〉 × 〈m|∇H |n〉











(αm − αn)2 ez, (21)
where αn and αm are the roots of the Airy function cor-
responding to the m-th and n-th eigenstates. It is clear
that the contribution of any state n is, for the noncom-
mutative case, non-vanishing. To get the Berry’s phase,
we have to integrate this value over a closed path as in
Eq. (14). Thus, the following step is to choice a surface
of integration adjusted to the problem of the neutron in
the quantum gravitational well. It is easy to see that the
only way to execute this closed path involves a transition
from a state |n〉 to the state |n+ 1〉 and then back to
state |n〉. When the neutron goes of from state |n〉 to
state |n+ 1〉 one encounters a term of the type:
∑ 〈n|∇H |n+ 1〉 × 〈n+ 1|∇H |n〉
(En − En+1)2 . (22)
In the following step, from state |n+ 1〉 to state |n〉, the
term is of the form:
∑
n
〈n+ 1|∇H |n〉 × 〈n|∇H |n+ 1〉




〈n|∇H |n+ 1〉 × 〈n+ 1|∇H |n〉
(En − En+1)2 , (23)




〈n|∇H |n+ 1〉 × 〈n+ 1|∇H |n〉




〈n+ 1|∇H |n〉 × 〈n|∇H |n+ 1〉
(En − En+1)2 = 0 . (24)
Therefore, one concludes that the neutron does not ac-
quire a geometric phase once it completes a closed path.
It is easy to see that this result generalizes to any number
of intermediate states.
III. DISCUSSION AND CONCLUSIONS
In this note, we have shown that the Berry phase for
the noncommutative extension of the GQW vanishes like-
wise its commutative counterpart. Actually, we have ob-
tained that in a segment S of the configuration space,
∆γ(S) ∼ η3, where √η is the fundamental momentum
scale for the NCGQW.
A relevant point of our argument concerns the issue of
transition between different states of the GQW. These
transitions can be induced by variations of the gravita-
tional field, minor impurities which may lead to changes
in the relevant nuclear potential, gradients of magnetic
fields, etc. It is interesting to point out that given the un-
certainty principle limitation on the energy precision that
can be achieved in experiments with neutrons, namely
∆E ∼ 10−18 eV, the detection of ”exotic” causes to
the transitions between states can be ruled out. In-
deed, nonlinearities in the Schro¨dinger equation [10] and
Lorentz violating terms [11] are experimentally bound to
be smaller than 10−19 eV [12]. Violations of the Equiv-
alence Principle by polarized objects [13] are bound to
be smaller than the 2 × 10−24 eV [14]. Direct spin cou-
pling to Earth rotation and its gravitomagnetic field are
of order 10−19 eV and 10−29 eV, respectively [15]. A
putative spin-torsion coupling is expected to be at least
20 orders of magnitude smaller [16]. Hence, it seems fair
to conclude that transitions between the GQW states to
be observed will most probably to be induced by conven-
tional effects.
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